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Abstract 
Eichenauer-Herrmann, J. and H. Niederreiter, On the discrepancy of quadratic congruential pseudorandom 
numbers, Journal of Computational and Applied Mathematics 34 (1991) 243-249. 
One of the alternatives to linear congruential pseudorandom number generators with their undesirable lattice 
structure is the quadratic congruential method which is due to Knuth. In the present paper the statistical 
independence properties of pairs of consecutive pseudorandom numbers generated according to this method are 
analysed by means of the serial test. Upper bounds for the discrepancy of these pairs are established which are 
essentially best possible. The results show that the quadratic congruential method performs uniformly satisfacto- 
rily if a reasonable choice of one of the parameters is made. The method of proof relies heavily on the evaluation 
of certain exponential sums. 
Keywords: Pseudorandom number generator, quadratic congruential method, independence of pairs, serial test, 
discrepancy. 
1. Introduction 
The well-known coarse lattice structure of the widely used linear congruential method for 
generating pseudorandom numbers makes these generators too regular for certain simulation 
purposes [2]. Therefore several nonlinear congruential pseudorandom number generators, which 
do not show this undesirable lattice structure, have been proposed and studied recently (cf. 
[l-7,13316]). In the present paper the quadratic congruential method, which is due to Knuth [8], 
is considered. 
For positive integers n put +, = { 0, 1,. . . , n - 1). Let p be a prime number and let m > 2 be 
an integer. For integers a, b, c, y0 E ZPm with a # 0 a quadratic congruential sequence (Y,,), a 0 
of elements of H,, 1s . defined by the recursion 
Y n+l-ay:+byn+c (mod pm), 1120. 
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A sequence (x,,L, 2 o of uniform pseudorandom numbers is obtained by setting x, = Y,,/p” for 
n 2 0. In the present paper the statistical independence properties of pairs of successive terms in 
a quadratic congruential sequence are analysed by means of the serial test which employs the 
discrepancy of these pairs of pseudorandom numbers. For N arbitrary points to, t,, . . . , t,_, E 
[0, 1)2 the discrepancy is defined by 
W&j, t,,..., t,-, > = “YP I G(J) - W) I? 
where the supremum is extended over all subrectangles J of [0, 1)2, FN( J) is N-’ times the 
number of terms among to, t,, . . . , t,_ 1 falling into J, and V(J) denotes the area of J. If (x,), r o 
is a sequence of uniform pseudorandom numbers which is purely periodic with period length A, 
then the points 
x, = (x,, x,+1) E [o, 1)2, 0 < n <h, 
are considered and 
Di2’=D,(xo, Xl,...,X& 
is written for their discrepancy. 
Subsequently, upper bounds for the discrepancy D,- (2) of sequences of pseudorandom numbers 
with maximal period length pm obtained by the quadratic congruential method are established. 
Additionally, lower bounds are derived which show that the upper bounds are essentially best 
possible. In Section 2 these two main results are stated precisely and the behaviour of quadratic 
congruential generators under the serial test is discussed. Section 3 contains several auxiliary 
results, in particular the evaluation of some exponential sums on which the methods of proof rely 
heavily. Extensive background material on exponential sums can be found in [9]. The proof of 
the main results is given in Section 4. 
2. Statement of the main results 
From now on it is always assumed that the underlying quadratic congruential sequence 
(YJ,,o (and hence the sequence (x,), a o of uniform pseudorandom numbers) has maximal 
period length pm. It is known (cf. [3,8]) that this property is equivalent to the following 
conditions: 
(i) a = 0 (mod p), b = 1 (mod p), c f 0 (mod p), 
(ii) a = b - 1 (mod 4) if p = 2, and 
(iii) a = 0 (mod 9) or UC = 6 (mod 9) if p = 3. 
Therefore 
gcd(a, P”) =pa 
for some integer (Y E { 1, 2,. . . , m - l}. It turns out that (Y is the crucial quantity for the analysis 
of the discrepancy of pairs of quadratic congruential pseudorandom numbers. In order to unify 
the results for the cases p = 2 and p >, 3 the abbreviation 
( 1 forp=2, ‘= 0 forpa3, 
is used. 
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Theorem 1. The discrepancy of pairs of consecutive pseudorandom numbers obtained by the 
quadratic congruential method with maximal period length satisfies 
0;” < pp-m +p-(m-~--7)/2(1 _p-3/2 
)- i 
l ilog pm + +)‘. 
Theorem 2. Suppose that (Y G m - 1 - 7 and b = 1 (mod pntr ). Then the discrepancy of pairs of 
consecutive pseudorandom numbers obtained by any corresponding quadratic congruential generator 
with maximal period length satisfies 
o(;t! > 
1 -(m-a-r)/2 
P ’ 2(ll+ 2)p 
Theorem 1 shows that for a quadratic congruential generator the discrepancy of pairs of 
successive pseudorandom numbers satisfies D$) = 0( p-(m-a)/2(log P”)~), where the implied 
constant is absolute. It should be observed that this bound depends only on the crucial quantity 
(Y and not on the specific choice of the parameters a, b, c of the quadratic congruential 
generator. Theorem 2 implies that this bound is in general best possible up to the logarithmic 
factor since for every generator with (Y < m - 1 - 7 and b = 1 (mod pa+,) the discrepancy D,$? is 
at least of the order of magnitude p-(m-a)/2. 
These results indicate that it is reasonable to choose the parameter a in such a way that (Y = 1, 
i.e., a = 0 (mod p) and a f 0 (mod p2). Then the discrepancy of pairs for any quadratic 
congruential generator with maximal period length is at least of the order of magnitude 
p-(m-‘)/2 and satisfies D$) = 0( p- (“~i)/*(log P”)~), i.e., these generators show a uniformly 
acceptable (though not excellent) behaviour under the serial test. In contrast, for the linear 
congruential method with modulus pm it is known (cf. [lo-121) that the behaviour under the 
serial test strongly depends on the choice of the multiplier. 
3. Auxiliary results 
For integers k > 1 and q > 2 let C,(q) be the set of all nonzero lattice points (h,, . . . , hk) E Zk 
with -iq<hi<$qforl<j<k.Put 
(1 for h = 0, 
for h E C,(q), 
and define 
r(h, q) = I-I ‘(hi2 q) 
j=l 
for h = (h,, . . . , hk) E ck( 4). For t E R the abbreviation e(t) = e2ni’ is used, and US D stands for 
the standard inner product of U, u E Iw k. 
Subsequently, some known results are collected. The first two lemmas follow from [lo, Lemma 
2.2 and Lemma 2.31, whereas Lemma 5 is a special version of [16, Lemma 11. 
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Lemma 3. Let N 2 1 and q >, 2 be integers. Suppose that y,, y,, . . . , y,_, E Z i. Then the 
discrepancy of the points t, = q- ‘y,,, 0 < n < N, satisfies 
4(fO, f*,..., t,_,) =s f + ; c 
1 
N~le(h.tn)~. 
/#EC(q) +, 4) n=O z 
Lemma 4. Let q >, 2 be an integer. Then 
c l 
2 
htC,(q) r(h7 q) 
<+10gq+5. 
Lemma 5. The discrepancy of N arbitrary points t,, t,, . . . , t,_, E [0, 1)2 satisfies 
for any lattice point h = (h,, h2) E H2 with h,h, # 0. 
In the following the abbreviations x(z) = e( z/p”) for z E k and 
G,(L g>= c x(fi'+d 
rrz,m 
for f. g E Z are used. 
Lemma 6. Suppose that f and g are integers. Let 9 E (0, 1,. . . , m} be defined by gcd( f, p”) = p@‘. 
(a) If C$ < m - 27, then 
Wf, g) 1 = 
0 for gZ 0 (mod P@+~), 
P 
(rn_t‘#,p+T)/2 for g = 0 (mod pGt7). 
(b) If p = 2 and m - 14 + d m, then 
G,(f, g) = 
i 
0 forf+gfO (mod2”), 
2” forf+g-0 (mod2”). 
Proof. (a) First, observe that 
IG,(f? s>I’= c x(f(y2-z2)+dy-z)) 
Y,ZeZ,m 
= c x((f(Y+z)+g)(.Y-z)). 
Y.ZEHp-- 
Now, changing y - z into x in the summation yields 
IG,(f, s>l’= c x((f(x+24+g)x) 
x,zEEpm 
= c x(fx2+g4 c x(2fx4 
.XEE,m ZEh,?" 
= Pm c x(fx2+d 
XEZ,m 
x=O(modp"-+-') 
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Hence, the assumption + < m - 27 implies that 
IG,(f7 g) l?=P9E+_e( j$-k)T 
which completes the proof of part (a). 
(b) Ifp=2and+>m-1,then fz2=fz(mod2”)forzEZ.Hence 
G,(f> g> = c x((f + g)z), 
.?EZ** 
which yields the desired result. 0 
Lemma 7. Suppose that h=(h,, h2)EC2(pm). Let j?~{O,l,...,m-a} be defined by 
gcd(h,, pm-*) =pp, and let x,=(x,,, x,+~), 0 <n <pm, be pairs of successive pseudorandom 
numbers obtained by a quadratic congruential generator with maximal period length. 
(a) Ifp<m-a-27, then 
(b) If p = 2 and m - (Y - 1 < ,l3 < m - a, then 
Proof. The definition of the sequence (x,),~~ of uniform pseudorandom numbers and 
{ yo, yl,..., y,-_,} =ZPm imply that 
‘pm-l 
= c x(h,ay,f+ (4 +h,bh,) = IGx(h2aT 4 +h2b) I.
n=O 
Since gcd( h2a, p”) =P~+~, the result is an immediate consequence of Lemma 6. •I 
Observe that Lemma 7 yields 
p”‘-1 
c e(h.x,) =0 
n=O 
for h = (h,, h2) E C,( p”) with h,h, = 0. 
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4. Proof of the theorems 
Proof of Theorem 1. First, Lemma 3 is applied with N = q =p” and t, = x, for 0 < n <pm. This 
yields 
0;“~ 2p-” +p-” c 
1 
LsC*(pm) +, pm) 
m-a-27 
= 2p_” +p-” c c 
p=o h=c,(P”) 
r(hlpm) /p~le(h-x,l~/ 
7 n-0 
gcd(h2,pm-“)=pp 
Now, Lemma 7 can be used in order to obtain 
m-a-27 
0;“) < 2p-” +P-(m-a-r)/2 c p8/2 
c 
1 
p=o hEC*(Prn) a P”) 
gcd(h,, pm-“)=p8 
h, +h,b-O(mod P~+~+‘) 
c 1 +7 
/I E C,(2rn) +, 2’7 
h,-O(mod2m-n-‘) 
h, +hz(a+b)=0(mod2m) 
m-a--7 
C2p-m +P-(m-a-7)/2 C pB/2 C 1 
p=o hEC:Cprn) r@, P”) 
h=O(mod pp) 
m-a--7 
2 
= zp-” +P-(m-a-w2 c pP/2 c 
1 
p=o h=C,(pm-@) +Pa, Pm) i 
= 2p-” +P-(m-a-7),2 yp-38/2 c 
p=o heC,(pm-8) 
Therefore Lemma 4 implies that 
< 2p-” +P-(m-u-7)/2 ( ~op-y)(~log pm+ q, 
which yields the desired result. 0 
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Proof of Theorem 2. First, Lemma 5 is applied with N = pm, t, = x, for 0 < n <pm, and 
h = (- 1, 1). This yields 
Since cx < m - 1 - r and b = 1 (mod pa+‘), an application of Lemma 7 with p = 0 shows that 
/ Tcole(h. In> / =p(m+a+T)/2, 
which completes the proof. 0 
If p = 2 and (Y = 1, so that a = 2 (mod 4) then the maximal period length 2” is obtained for 
b = 3 (mod 4). In this case the method in the proof of Theorem 2, with the choice h = ( - 3, l), 
yields for m > 3 the lower bound 
D;? > , & 2) 2-(m-2)‘2. 
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